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A condition on the lines of a discrete geometry, relaxing the usual notion of a 
near-polygon, determines a nullvector for the incidence matrix. The extended condi- 
tion is observed to hold in many group geometries, including examples for sporadic 
simple groups. 0 1989 Academic Press, Inc. 
In recent years, considerable attention has been focused on geometries 
acted on by finite simple groups, including investigation of the eigenvalue 
behavior of the underlying association schemes. The present note arose 
from the observation that the 0-eigenvector for generalized polygons 
actually occurs in a much larger collection of seemingly unrelated 
geometries. 
The celebrated work of Feit and Higman [FH] in fact calculates all the 
eigenvalues 2 for a generalized n-gon with r + 1 lines per point and s + 1 
points per line. In particular (see Lemmas 4.1, 5.1, 6.1 there), 1= 0 occurs 
precisely when 12 is even; and it is then not difficult to determine a 
0-eigenvector by considering the the corresponding association scheme 
(see, e.g., Bannai and Ito [BI, p. 2331). The classes are the sets of points 
determined by distinct values of the graph-distance from some fixed 
point p. We observe that a line I must cross a single class boundary, in a 
restricted way: 
A unique point q of E has d(p, q) minimal (so the other s points 
are at distance d(p, q) + 1). PI 
Now in a left nullvector for the point-line incidence matrix M (hence in a 
0-eigenvector for the square matrix MM’), this condition on the column 
corresponding to the line I means that the co-ordinate for the nearest point 
q will be canceled if we assign a common co-ordinate - l/s times as large 
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to the other points. This procedure inductively defines a nullvector d with 
co-ordinate at any point q given by d+, := (- l/,~)~(~,~). 
The condition (D) is not confined to generalized polygons, and 
generalizations in various directions are possible. We set up the context for 
one such extension, which appears to be useful. Let a geometry be defined 
by a collection 9 of points and Y of lines, with ss 1 points per line, and 
point-line incidence matrix M (where MP,( = 1 when P.E I). 
PROPOSITION. Suppose an integer-valued “evaluation” e: .9’ + Z satisfies: 
Each line I has a unique point q with e(q) minimal, and the other 
s points at value e(q) + 1. (El 
Then e given by e, := ( - l/,~)~(~) is a nullvector for M. 
ProoJ One argues just as for the generalized-polygon case, but using e 
in place of d(p, -). 1 
Since this proof is not exactly deep or lengthy, the remainder of the note 
will aim to demonstrate via examples that more general evaluations e on 
geometries actually arise in nature. 
1. NEAR-POLYGONS 
The condition (D) is actually the usual requirement for a near-polygon (a 
near n-gon where even n is the graph diameter). This class of geometries 
has been the object of considerable study (see, e.g., p. 199 of Cohen [Cl); 
beyond the generalized polygons, it includes, for example, the dual polar 
spaces and the chamber graphs of buildings, whose automorphism groups 
are Lie-type simple groups. It also includes a number of examples for 
sporadic simple groups, such as near-hexagons for the large Mathieu group 
MZ4 and the non-simple extension 3 6 . 2M1, of the smaller Mathieu group, 
and a near-octagon for the Hall-Janko group HaJ; these geometries are 
described in a number of references, such as [BCN]. Another well-known 
example of an unusual near-hexagon (see [RSl, Kl ] ) occurs for the classi- 
cal group U,(3); here s= ~-SO with 3 points per line, the geometry 
exhibits characteristic-2 behavior, instead of the natural characteristic 3 of 
the group. 
While the generalized polygons and the dual polar spaces have distance- 
transitive automorphism groups, the chamber graphs of buildings and the 
sporadic near-polygons are typically not even distance-regular. Even so, the 
classes of the underlying association scheme (that is, the orbits on points 
of a single point-stabilizer) remain fairly well-behaved. In the case of cham- 
ber graphs of buildings, these orbits correspond just to the words of the 
associated Weyl group; see Tits [T]. As an example of the situation in 
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FIG. 1. The suborbit diagram for U,(3). 
sporadic groups, we exhibit (Fig. 1) the suborbit diagram (showing the 
orbits of a point stabilizer on both points and lines) for the U,(3) example 
mentioned above. 
2. EVALUATIONS BY DIAGRAM-FOLDING 
A particular variant of (D) often arises, in which each line has either a 
unique point nearest p, or a unique point farthest from p. We can imagine 
this as giving a forward or backward direction to each line and try to build 
up inductively an evaluation by correspondingly “folding” the suborbit 
diagram-instead of following the usual convention of placing suborbits of 
increasing graph-distance always farther to the right. More precisely, 
initialize e(p) = 0, and proceed outward from p along lines, increasing the 
value of e on the remaining points in the nearest-point case, but instead 
decreasing the value on the unique farthest point when that case occurs. Of 
course, inconsistencies could arise when a point is reached by different 
kinds of paths from p, but the procedure seems to succeed often, 
Certainly the construction is consistent if the suborbit diagram is 
“linear”; an example is provided by the triple cover of the Sp4(2)-quad- 
rangle (described, e.g., in Section 3 of [RS2]),’ whose suborbit diagram 
naturaily folds in the middle. (Fig. 2). A larger linear example is provided 
by the 2-local geometry of the Mathieu group M,, (details can be drawn 
from Buekenhout [B]). Naturally, it is more typical for the suborbit 
diagram to be highly nonlinear; an example of a more complicated evalua- 
tion by foldJng is provided (Fig. 3) by the alternating group A,, where 
points are given by pairs of pairs chosen from a 7-set, and lines by triples 
FIG. 2. The folded suborbit diagram for 3Sp4(2). 
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e=O e=l e=2 e=3 
FIG. 3. The folded suborbit diagram for A,. 
of pairs. (Calculation by hand is straightforward but somewhat tedious. 
The permutation characters are given in the Atlas [A, p. lo]. An indepen- 
dent verification was provided by Alex Ryba, using Martin Schonert’s 
program DCOSET to compute the double cosets of the point stabilizer, 
one of them affording the relevant adjacency matrix MMt.) The dual 
geometry, with points and lines interchanged, provides another non-linear 
example. Further examples are probably very numerous. 
3. INFINITE DISCRETE GEOMETRIES AND FINITE QUOTIENTS 
The present work actually arose as a by-product of a rather different 
analysis, related to graph expansion in theoretical computer science (see, 
e.g., Alon and Milman [AM]), a property related to a graph’s largest 
eigenvalues [Ta, AM]. Joint work in progress by W. Kantor and the 
author investigates the expansion-related properties of graphs obtained 
from quotients of affine buildings-a class of geometries which had pre- 
viously been intensively studied because of their occurrence with simple 
groups (see especially Kantor [K2]). The study of explicit eigenvalue 
behavior of one such building led serendipitously to consideration of 
0-eigenvalues of sporadic examples and then to the formulation of the 
proposition. 
The afline building in question is the 2-adic building of type c,, 
described in [K2]; it can be realized by the orthogonal group G, = 
O,(Z[$], f) of the usual positive definite form f =Cf=, x:. In particular, 
we choose as points and lines the cosets of the subgroups denoted 
G6 n W’, G6 n C in that paper. One can check that condition (D) holds 
for this infinite discrete geometry (the relevant fact is that the apartment is 
just the tessellation of the plane by squares); so we might consider it as a 
“near co-gon.” Then in the straightforward infinite generalizations, the 
sequence d provides a nullvector for the infinite incidence matrix. 
On the other hand, the finite near-hexagon for U,(3) mentioned earlier 
arises as a quotient of this infinite geometry; in terms of groups, we con- 
sider the quotient G,/N3 by the normal subgroup N, of matrices congruent 
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to the identity modulo 3. (The quotient is naturally O;(3), which is 
canonically isomorphic to U,(3)). We regard each point q of the finite 
quotient instead as an infinite orbit qN, of points for some pre-image q of 
the affine building. Then the finite evaluation given by d(p, -) translates 
into an evaluation e on the infinite geometry, which satisfies (E) but not 
(D). Correspondingly, the finite vector d for U,(3) translates into an 
infinite nullvector e distinct from that of the previous paragraph. In the 
language of Section 2 above, the suborbit diagram of the afhne building is 
folded back and forth infinitely often. 
4. FURTHER EXTENSIONS 
As our nullvector was constructed via elementary linear algebra, it is 
clear that there are many ways in which the proposition may be further 
generalized. At least one of these seems to be justified by applications: 
namely, if just one suborbit each of points and lines violates condition (E), 
solving the one corresponding equation provides an alteration to the vector 
e in the offending co-ordinate so as to yield an eigenvector. The result 
might seem rather ad hoc; but the extended condition in fact arises in an 
interesting chain of geometries, for the groups U,(3) c Sz c Co . 1 (the 
sporadic groups of Suzuki and Conway). Each geometry is defined by 
involutions, with lines defined by four-groups; some details can be found in 
Aschbacher [As]. 
5. A CONNECTION WITH EMBEDDINGS AND REPRESENTATION THEORY 
Suppose we are given a geometry with evaluation e satisfying (E). Set 
emax = maxq e(q) (and assume if necessary that this value is finite). Let % 
denote the set {q: e(q) < emax}. Then 2 is a geometric hyperplune in the 
sense of Ronan [R], who observes that this condition is necessary (and in 
case s = 2 sufficient) for the points and lines to arise from suitable l- and 
2-dimensional spaces in some vector space V over the field F, (we assume 
s is a prime power). This is known as an embedding in the geometric 
literature. In moderate-sized examples such as those described above, one 
can typically find among the small modular representations of the 
automorphism group an embedding in such a space V, which in some sense 
provides an explicit representation of the evaluation e, with sets of e-classes 
separated by various linear subspaces of V. For example, in ‘the case of 
U,(3) described above, the embedding can be exhibited in a space of 
dimension 12 over F,--or more naturally, in the unitary space of dimen- 
sion 6 over F, coming from the inclusion SU,(3) c SU,(2*); the classes for 
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e=O, e<l, e < 2 are determined by the i-space for a point, its 
5-dimensional orthogonal space, and the entire space. 
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